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We study the jet quenching effect in heavy ion collisions, based on medium-induced
splitting functions calculated from Soft Collinear Effective Theory with Glauber Gluons.
Our method is formulated in the language of DGLAP evolution equations with medium-
induced splitting functions. In the small-x soft gluon approximation we analytically solve
the evolution equations and find an intuitive connection to the energy loss approach. For
central Pb+Pb collisions at the LHC we quantify the effect of finite-x corrections for the
nuclear modification factor and compare to data.
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1. Introduction
Jet quenching [1, 2] is a powerful probe of the properties of the quark-gluon plasma
(QGP) created in heavy ion collisions. A perturbative QCD approach based on
energy-loss calculations [3] has been successful in describing the jet quenching data
in heavy ion collisions. One approximation that is inherent in energy-loss based
predictions is that the fractional energy loss for the partons is small, i.e. the value
x = E/E0  1, where E0 is the energy of the parent parton and E is the energy
of the emitted parton in the 1 → 2 splitting in the radiative process. We will refer
to this approximation as either small-x (soft gluon) approximation or energy loss
approximation.
In the past several years progress has been made on extending the perturbative
QCD calculations of medium-induced processes beyond the small-x approximation.
This became possible with the formulation of an effective theory for jets in the
dense QCD matter. Typically, in perturbative calculations the medium is modeled
as consisting of effective scattering centers that act as sources of colored Coulomb
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2 G.Ovanesyan
potential [4]. Therefore, a successful effective theory must describe the usual vac-
uum interactions of boosted partons with small invariant mass, as well as elastic
scattering of energetic partons off of the medium quasiparticles. The former inter-
actions are described by the familiar Soft Collinear Effective Theory (SCET) [5–8],
and the latter ones need to be added to SCET. The resulting Soft Collinear Effec-
tive Theory with Glauber gluons (SCETG ) was formulated in Refs.[9–11]. Besides
being a useful tool for heavy ion collisions, it is known that SCETG has important
applications for the Drell-Yan process [12] and for the Regge physics [13–15]. More
work is anticipated in these directions.
Using SCETG , all four medium-induced splitting kernels have been calculated
beyond the small-x approximation in Ref.[16]. However, it is not possible to con-
sistently implement these results into the energy-loss formalism. This is because
the energy-loss interpretation is only valid in the soft gluon emission limit. In
a more recent work in Ref [17] we formulated the nuclear modification factor
in terms of the medium-modified Fragmentation Functions (FFs), which in turn
are found via Dokshitzer-Altarelli-Parisi-Gribov-Lipatov (DGLAP) evolution equa-
tions [18–20]. In these evolution equations we use the splitting functions based on the
SCETG calculations [16] of all medium-induced splitting kernels, valid beyond the
small-x approximation. This allowed us to consistently incorporate and study the
jet quenching beyond the energy loss approach. In Refs. [21, 22] the hadron produc-
tion in deep inelastic scattering has been studied from DGLAP evolution equations
in the medium with initial conditions obtained using the energy loss approach. In
the rest of this talk we concentrate on presenting our results from Ref. [17].
2. Medium-induced splitting functions
Let us recall how the vacuum splitting functions in QCD are obtained [20]. First the
real emission graphs need to be evaluated. To leading order in the strong coupling
they are given by tree level Feynman graphs for the q → qg, g → gg, g → qq¯, q → gq
splittings. Next, the virtual graphs need to be evaluated which contribute only for
the first two splittings. Alternatively one can take advantage of momentum and
flavor sum rules [20] and uniquely determine all the virtual pieces. As a result the
first two splitting functions have a plus function (1/x+) and a delta function pieces
(δ(x)), while the remaining two splittings are not singular as x → 0 and do not
need such a prescription.
The real emission graphs of the medium-induced splitting functions have been
calculated in Ref.[16] to first order in the opacity expansion [23, 24]. In the presence
of dense QCD matter the splitting functions are defined in the following waya:〈∣∣∣M(1)n+1,i∣∣∣2 + 2Re(M(0)n+1,i)∗M(2c)n+1,i〉
q⊥
=
2g2
p2n
P reali (x,Q⊥;β)
〈∣∣∣M(0)n ∣∣∣2〉 ,(1)
aNote, that in Ref.[16] we evaluated the medium-induced splitting kernels xdN/dx which are
related to the medium-induced splitting functions as P reali (x,Q⊥;β) =
2pi2
αs
Q2⊥
dNi(x,Q⊥;β)
dx d2Q⊥
.
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whereM(0)n+1,i,M(1)n+1,i,M(2c)n+1,i are the amplitudes in which one of the hard partons
in the process splits into two partons (n→ n+ 1) for the vacuum, first order Born
graphs and contact limit of the second order Born graphs correspondingly, M(0)n
is the production amplitude of the hard process before the splitting has occured.
The splitting type is described by the subscript i and is one of the four types
mentioned above. On the right-hand side of the equation above we made explicit
the dependence of the medium-induced splitting function on the fraction of energy
carried by the emitted parton x, its transverse momentum Q⊥ with respect to the
decaying parton n, and the properties of the medium β. Using explicit formulas
based on SCETG calculations of medium-induced kernels in Ref.[16] we get
P reali (x,Q⊥;β) = P
vac
i (x)hi(x,Q⊥;β) , (2)
where P vaci (x) are the real emission parts of the vacuum splitting functions [20] and
the splitting-type dependent functions hi are listed in the Appendix A. Proceeding
by analogy with the vacuum calculation of virtual pieces of splitting functions, we
use the flavor and momentum sum rules and find the virtual pieces of the medium-
induced splitting functions. For the full splitting functions we get [17]
Pq→qg(x,Q⊥;β) =
[
P realq→qg(x,Q⊥;β)
]
+
+A(Q⊥;β) δ(x) ,
Pg→gg(x,Q⊥;β) = 2CA
{[(
1− 2x
x
+ x(1− x)
)
hg→gg(x,Q⊥;β)
]
+
+
hg→gg(x,Q⊥;β)
1− x
}
+B(Q⊥;β) δ(x) ,
Pg→qq¯(x,Q⊥;β) = P realg→qq¯(x,Q⊥;β) ,
Pq→gq(x,Q⊥;β) = P realq→gq(x,Q⊥;β) , (3)
where the plus function is with respect to the x variable at x = 0. More precisely,
in the top two equations of Eq. (3) the plus function is associated with the entire
square bracket. For example, in the first line, defining P realq→qg(x,Q⊥;β) ≈ a/x as
x → 0, we have [a/x]+ and a virtual piece A. However, if we rewrite this function
in terms of [1/x]+ we would get a virtual piece different from A. Note that the
apparent singularity of the g → gg splitting as x→ 1 need not be regulated by the
plus function, as it is regulated by the form of the evolution equations, similarly to
the vacuum case for this splitting. The functions A,B are equal to [17]
A(Q⊥;β) = 0 ,
B(Q⊥;β) =
∫ 1
0
dx′
{
− 2nf (1− x′)Pg→qq¯(x′,Q⊥;β)
+2CA
[
x′
(
1− 2x′
x′
+ x′(1− x′)
)
− 1
]
hg→gg (x′,Q⊥;β)
}
. (4)
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3. Evolution equations and jet quenching
Having determined the full medium-induced splitting functions, including the vir-
tual pieces, we move on to study the evolution of FFs in the medium. We use the
DGLAP evolution equations
dDq(z,Q;β)
d lnQ
=
αs(Q
2)
pi
∫ 1
z
dz′
z′
[
Pq→qg(z′, Q;β)Dq
( z
z′
, Q;β
)
+Pq→gq(z′, Q;β)Dg
( z
z′
, Q;β
) ]
,
dDg(z,Q;β)
d lnQ
=
αs(Q
2)
pi
∫ 1
z
dz′
z′
[
Pg→gg(z′, Q;β)Dg
( z
z′
, Q;β
)
+Pg→qq¯(z′, Q;β)
∑
q
(
Dq
( z
z′
, Q;β
)
+Dq¯
( z
z′
, Q;β
))]
. (5)
First, note that in the equations above we have switched from the x variable to the
z = 1−x (z′ = 1−x′). Second, the form of evolution equations above is identical to
the traditional DGLAP evolution equations in the vacuum, except one qualitative
difference, that the medium-induced splitting functions also depend on Q = |Q⊥|
(and medium properties β), while the vacuum splitting functions only depend on z.
The anti-quark FF evolution equation is same as for the quark up to Dq → Dq¯ on
both sides. Because the QGP-induced processes are final-state effects in the heavy
ion collisions, one can use the vacuum unmodified parton distribution functions
(PDFs), and only the FFs are subject to medium-effects.
For the special case of the soft gluon approximation, the only two splittings that
are relevant are q → qg and g → gg and the splitting functions become purely plus
functions. Also, in the evolution equations in this approximation there is decoupling
between the FFs, and each of them evolves independently from the others. This
evolution equation for either of the FFs becomes
dD(z,Q)
d lnQ
=
αs
pi
∫ 1
z
dz′
z′
[P (z′, Q)]+D
( z
z′
, Q
)
. (6)
We define the steepness of unmodified vacuum FFs n(z) = −d lnDvac(z)/d ln z .
We use the approximation that the main support from the convolution integral in
the evolution equation comes from the neighborhood of z′ ≈ 1. In this limit, the
logarithmic derivative of the fragmentation function appears on the right hand side
of Eq. (6), and by using the unperturbed vacuum value for this derivative, we find
an analytical approximate formula [17]
Dmed(z,Q) ≈ e−(n(z)−1)〈∆EE 〉z−〈Ng〉zDvac(z,Q) , (7)
where〈
∆E
E
〉
z
=
∫ 1−z
0
dxx
dN
dx
(x)
z→0−−−→
〈
∆E
E
〉
, 〈Ng〉z =
∫ 1
1−z
dx
dN
dx
(x)
z→1−−−→ 〈Ng〉 .
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Fig. 1. Modification of the medium-induced FFDmed/Dvac. We consider the most central Pb+Pb
collisions at the LHC at
√
s = 2.76 TeV and a quark and a gluon jet with pTc = Q = 40 GeV.
We present exact solution to DGLAP evolution equations, small-x (soft gluon) approximation
numerical and analytical solutions, and the energy loss approach.
Our approximate method shows explicitly how the medium and vacuum radiative ef-
fects factorize, which we emphasized in Eq. (7). The quantities
〈
∆E
E
〉
z
and 〈Ng〉z also
depend on Q via the upper limit of integration in dN/dx =
∫ Q
Q0
dN/(dxdQ′) dQ′ .
The analytical formula obtained in Eq. (7) gives us an insight on the connection
between the evolution method in the small-x approximation and the energy loss
approach. We see that for small to intermediate values of z the entire quenching
factor is given by an exponential RAA ∼ e−n〈∆E/E〉 (n 1), i.e. controlled by the
steepness of the FFs times the fractional energy loss, while for the values of z ≈ 1
we get RAA ∼ e−〈Ng〉, which is the probability of non-branching. This behavior is
the same in the energy loss approach and is an encouraging feature that the two
approaches behave qualitatively the same way.
In terms of the evolved FFs the nuclear modification factor equals
RhAA(pT ) =
∑
c=q,q¯,g
∫ 1
zmin
dz
dσc(pTc=pT /z)
dyd2pTc
1
z2D
med/quench
c→h (z, pTc ;β)∑
c=q,q¯,g
∫ 1
zmin
dz
dσc(pTc=pT /z)
dyd2pTc
1
z2D
vac
c→h(z, pTc)
, (8)
where we have chosen µ = Q = pTc (µ-the factorization scale) and therefore un-
modified hard production partonic cross sections are used
dσc(pTc=pT /z)
dyd2pTc
per binary
nucleon-nucleon collision.
In Figure 1 we compare the medium-induced FFs found from the evolution equa-
tions with that from the energy loss approach. We plot quark and gluon modified
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Fig. 2. Nuclear modification factor RAA in the central Pb+Pb collisions for
√
s = 2.76 TeV
energy. Left: comparison of the small-x (soft gluon) evolution approach to the energy loss approach.
Right: comparison of full-x to the small-x evolution approaches. Data from LHC included.
FFs for a pTc = Q = 40 GeV jet created in
√
s = 2.76 TeV Pb+Pb collisions at the
LHC. We show the results for full-x evolution (solid black lines), small x evolution
numerical (dot-dashed green lines), small-x evolution analytical (dotted red lines)
and for the energy loss (long-dashed blue lines) approaches. Note that, for both
quark and gluon cases, the analytical and numerical small-x evolution lines agree
well for the most values of z. For the quark fragmentation function all the lines
including the full x numerical and the energy loss results are close to each other.
For the gluon case the differences are more visible especially for z > 0.6. However
the nuclear modification factor is more sensitive to the Dmedq , because D
med
g is more
quenched due to a larger casimir factor CA > CF .
In Figure 2 we show the comparison of the predictions based on different theo-
retical approaches for the nuclear modification factor RAA(pT ), and the LHC data.
In the left plot we compare the small x evolution and the energy loss approaches
and find an extremely good agreement. In the right plot we compare the predic-
tions for the approach based upon solution of the full DGLAP evolution equations
to their small x approximation. Note that the full x DGLAP evolution method is
closer in shape to the data at low pT < 20 GeV where the difference between the ap-
proaches is visible. Also note that the best value for in-medium coupling extracted
from the full x evolution and energy loss approaches compared to data, differs by
less than 10%.
4. Conclusions
In this talk we reviewed our results from [17]. We formulated the jet quenching
phenomenology in the language of DGLAP evolution equations, where the previ-
ously calculated from SCETG medium-induced splitting kernels [16] are included.
By solving the evolution equations analytically in the small-x limit we found a
deep connection between the evolution and the energy loss approaches. The evo-
lution approach has an advantage that we can consistently implement the finite-x
Jet quenching beyond the energy loss approach 7
corrections, by turning on all the four medium-induced splitting functions in the
evolution equations. We found a very good agreement between the full-x evolution
and the energy loss approaches for the nuclear modification factor, with the ex-
tracted in-medium coupling found from comparing the two methods to data within
10%. The finite-x corrections are important for making accurate predictions and
understanding the theoretical uncertainties on the perturbative QCD side.
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Appendix A. Leading order 1→ 2 splitting functions
Using the results from Ref.[16] and definitions in Eq. (1) and Eq. (2) we can un-
ambiguously derive the functions hi(x,Q⊥;β). We use a rewritten more compact
version of the medium-induced splitting kernels, that can be found in Refs. [25, 26]
hi(x,Q⊥;β) = Q2⊥
∫
d∆z
λi(z)
d2q⊥
1
σel
dσel
d2q⊥
5∑
k=1
c
(i)
k (1− cos Φk). (A.1)
The splitting type is described by i and goes over q → qg, g → gg, g → qq¯, q → gq
and λi equals to gluon scattering length λg for the first two splittings and to λq for
the last two splittings. We have defined the following two dimensional transverse
vectors:
A⊥ = Q⊥, B⊥ = Q⊥ + xq⊥, C⊥ = Q⊥ − (1− x)q⊥, D⊥ = Q⊥ − q⊥,
and the following five phases Φk
Φ1 = ΨB
2
⊥, Φ2 = ΨC
2
⊥, Φ3 = Ψ(C
2
⊥ −B2⊥), Φ4 = ΨA2⊥, Φ5 = Ψ(A2⊥ −D2⊥),
where Ψ =
∆z
x(1− x) n¯·p0 . (A.2)
The coefficients c
(i)
k are given in the following table [26]
b
k c
(q→qg)
k c
(g→gg)
k c
(g→qq¯)
k
1 b·
(
b− c+ a−bN2c
)
2b·(b− a− c−a2 ) 2b·(b− a+ c−aN2c−1)
2 c·(2c− a− b) 2c·(c− a− b−a2 ) 2c·(c− a+ b−aN2c−1)
3 b·c b·c −2 b·cN2c−1
4 a·(d− a) a·(d− a) 2a·(a−d)N2c−1
5 −a·d −a·d 2 a·dN2c−1
bNote that we have changed the notation from α
(i)
k in the Appendix A of [26] to c
(i)
k in order to
avoid a possible confusion with the strong coupling αs.
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In the table above a = A⊥/A2⊥,b = B⊥/B
2
⊥, c = C⊥/C
2
⊥,d = D⊥/D
2
⊥. Note
that the coefficients for the q → gq splitting are obtained from q → qg with the
substitution x→ 1− x.
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